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Abstract— We experimentally demonstrate a mode-matched 

MEMS gyroscope capable of measuring rates as low as 0.2 °/hr 
stable on a time scale of half-a-month without ovenization or 
stress isolation − a long-term performance unprecedented for 
traditional micromachined sensors. The offset stability is 
attributed to the active mode-matching loop reducing adverse 
effects of real-world environment by maintaining zero frequency 
split, resulting in an almost two orders of magnitude 
improvement to in-run bias instability. We explore and compare 
the ability of electrostatic spring softening and mechanical 
hardening effects to tune frequencies for active mode-matching. 
The presented approach may enable commercialization of mode-
matched MEMS gyroscopes. 

Keywords—mode-matched MEMS gyroscope, Duffing oscillator, 
spring softening, spring hardening, bias stability, nonlinear behavior. 

I. INTRODUCTION 
Mode-matched MEMS gyroscopes with capacitive 

transduction are thought to be impractical for commercialization 
due to offset and scale-factor instability in a dynamic 
environment, losing out to traditional mode-split gyroscopes 
which are less susceptible to temperature and stress. Mode-
matching, however, is advantageous due to improved noise 
and potentially lower power consumption. Mode-matched 
capacitive MEMS gyroscopes have previously demonstrated 
sub-degree-per-hour bias instability but the bias floor increases 
after just 10 s of averaging [2]. Self-calibration approaches are 
shown to improve stability [3] but correlation coefficients used 
for calibration may drift with time. A major drift source for 
most MEMS is inherent sensitivity to temperature changes. 
Ovenization experiments [4] however reveal that for small 
temperature variations gyroscope offset and temperature may 
not be correlated. As shown in [5] the next layer down is bias 
correlation with package stresses leading to rate random walk 
(RRW). Other forms of transduction have been explored for 
commercialization [1] but require more expensive processes 
and face their own tuning and control challenges. Here we 
demonstrate that an active mode-matching (MM) loop reduces 
temperature and stress sensitivities removing RRW and 
present alternative methods of mode-matching control using a 
capacitive gyroscope, Fig. 1. 

II. THEORY 
The mode-matching loop relies on monitoring the Coriolis 

channel output in response to the quadrature electrode dither 
which modulates the cross-axis stiffness at the frequency 
outside of a gyroscope bandwidth to avoid interference with 
an input rate. This method takes advantage of the fact that the 
quadrature (cross-axis stiffness) leaks into rate output only if 

there is a frequency mismatch between the drive-and sense-
mode. In other words, the greater the frequency mismatch, the 
higher is the response in rate output from quadrature dither. 
The frequency between the modes is matched by employing a 
proportional-integral controller (PI) which controls the degree 
of tuning until the rate response due to quadrature dither is 
near zero [6]. The frequency tuning is traditionally 
accomplished by employing electrostatic negative stiffness 
(spring softening), but here we explore other effects such as 
spring hardening which is present in nonlinear oscillators, Fig. 2. 

 
Fig. 1. Analog Devices’ capacitive MEMS gyroscope used as a test vehicle for
experimental demonstrations (package lid is removed to show 2×2 mm2 die). 
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Fig. 2. Gyroscope control including force-rebalance and mode-matching loops
(dotted line is conventional feedback; red is proposed) to ensure offset stability. 
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A. Mode-Matching using Spring Softening  
The majority of mode-matching control loops utilize an 

electrostatic spring-softening effect for frequency tuning [2-6], 
which requires narrow electrode gaps to achieve a reasonable 
electrostatic tuning range. This leads to limited displacement in 
either the drive or sense direction, and hence an asymmetric 
design or noise sacrifice. Another limitation is the requirement 
for dedicated tuning electrodes which reduces the die area 
available for capacitive pick-off. While the same electrode can 
be used for both electrostatic transduction and tuning [6], it 
inevitably changes transducer gains and degrades noise.  

B. Mode-Matching using Spring Hardening 
In contrast, a spring hardening effect arising at large 

displacements in “Duffing” oscillators is advantageous for 
frequency tuning because of amplitude-frequency dependence. 
Provided sufficient cubic stiffness nonlinearity, the frequency 
can be effectively controlled by the drive force with only small 
changes in the amplitude of oscillation of the gyroscope.  

The nonlinear cubic spring constant k3 changes the resonant 
frequency of the gyroscope from its nominal value ω0 to ω [7]:  
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where k is the linear spring constant and A is the amplitude of 
oscillations. The quadratic tuning coefficient κ defined by the 
amplitude and cubic stiffness determines the effectiveness of 
frequency tuning. Tuning range due to spring hardening can 
cover normal process variation even with small values of κ. 

Similar to the traditional method, the proposed mode-
matching technique relies on monitoring the rate output in 
response to the quadrature electrode dither and continuous 

tuning of the drive voltage until the rate response due to dither 
is minimized, Fig. 2. In other words, the proposed mode-
matching loop replaces the amplitude control loop. The 
hypothesis we are investigating here is whether the mode-
matching by amplitude tuning (Fig. 2 in solid red) is going to 
degrade sensor performance or not. 

III. EXPERIMENTS 
A. Setup 

To investigate the mode-matching feasibility for nonlinear 
MEMS, we performed a series of experiments using Analog 
Devices’ fully symmetric quadruple mass silicon gyroscope, 
Fig. 2. The device with active die area of 2 by 2 mm2 was 
fabricated in-house using a wafer-level capping process. The 
vacuum sealed chip was packaged in a 28 pin LCC and 
mounted on a PCB with front-end electronics. For this 
feasibility study, all control and signal processing were realized 
using an HF2LI Zurich Instruments lock-in amplifier. The 
amplitude control, quadrature nulling, rate force-feedback, and 
mode-matching closed-loops were implemented using the 
HF2LI real-time kit library functions. 
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Fig. 3. Experimentally measured frequency response of drive- and sense-
modes of the gyroscope at mode-matched condition and 3.3 Vac drive voltage.

0 1 2 3 4
-200

0
40

Drive voltage (a.c.), V

Fr
eq

ue
nc

y
sh

if
t, 

H
z

Fig. 4. Experimental demonstration of frequency tuning using spring hardening
revealing 16 Hz/V2 quadratic dependence; gyroscope is mode-matched at 3.3 V.
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Fig. 5. Experimental demonstration of frequency tuning using spring softening
revealing −0.8 Hz/V tuning coefficient; gyroscope is mode-matched at −2 V. 
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Fig. 6. Measured gyroscope signals for positive and negative frequency splits,
showing linear relationship with the error signal used for mode-matching loop.
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B. Frequency Tuning Methods 
The gyroscope used here supports mode matching by both 

electrostatic spring softening and non-linear spring hardening.. 
Fig. 3 shows measured magnitude frequency response of drive- 
and sense-modes of the gyroscope with 50 N/µm3 stiffness 
nonlinearity. Fig. 4 shows experimentally measured drive-mode 
frequency shift due to ac drive voltage change with a −16 Hz/V2 
quadratic tuning coefficient. The frequency shift in Fig. 4 is 
measured relative to a sense-mode natural frequency, so it is 
equivalent to the frequency split. The mode-matched condition 
was reached at 3.3 V of ac drive, corresponding to a 200 Hz 
frequency split. In Fig. 2, we illustrate how an amplitude control 
loop can be modified to maintain zero frequency split by using 
an error signal proportional to the frequency split for mode-
matching by amplitude control.  

Alternatively, the amplitude control loop can be set to a 
fixed amplitude which results in a small frequency split.  
Tuning electrodes, which have a relatively small tuning range, 
can be used in a mode-matching loop employing spring 
softening to fine tune and maintain the required frequency 
split. Fig. 5 shows experimental characterization of the 
frequency split using spring softening with a −0.8 Hz/V 
differential tuning coefficient. All voltage sweeps were 
performed at 3 V quadrature trim to remove the cross-axis 
stiffness term.  

C. Comparison of Mode-Matching Methods 
In this section we compare performance of the gyroscope 

between the two alternative mode-matching implementations. 

An active mode-matching loop was employed in parallel with 
force-to-rebalance loop to extend the rate measurement 
bandwidth beyond the open-loop bandwidth. To ensure the 
force-to-rebalance loop (PID 4 in Fig. 2) is not interfering with 
the sense-mode response to quadrature electrode dither, 
controller gains were set so that the rate loop bandwidth was 
below the modulation signal frequency. For the same reason 
the controller gains for quadrature nulling (PID 3 in Fig. 2) 
were also set so that the loop bandwidth was below the dither 
frequency. With the proper settings, the quadrature output of 
the gyroscope with mode-matching loop was approximately 
zero mean. 

The frequency split error signal is obtained by 
demodulating the rate signal at the dither frequency. Fig. 6 
shows experimentally measured gyroscope signals for cases 
where the frequency separation is greater than, equal to or less 
than zero, showing that the error signal is proportional to the 
frequency split. This error signal is used for the mode-matching 
loop (PID 5 in Fig. 2) which controls either the tuning voltage 
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or the driven-mode amplitude. Fig. 7 shows the gyroscope 
output during applied ±1, ±2, ±3 °/s angular rate demonstrating 
the gyroscope is accurately tracking input rotates with all of the 
control loops enabled. 

To perform a comparative analysis, the gyroscope output 
was recorded for half-a-month with and without active mode-
matching controls while the setup exposed to normal lab 
temperature variations of approximately 3 °C. Fig. 8 shows the 
gyroscope signals (filtered with a 500 s moving average) when 
the mode-matching loop employing spring softening effect for 
frequency tuning was active. Raw signals reveal a strong 
correlation of the control loop outputs (frequency, quadrature, 
and mode tuning) with daily temperature fluctuations while the 
rate output is stable. The mode tuning voltage varied by 0.4 V 
daily which would corresponding to a 0.3 Hz (using −0.8 Hz/V 
coefficient from Fig. 5) variation without the control loop. 
Allan deviation of the gyroscope output when the mode-
matching loop was off had a 0.25 °/√hr angle random walk, 
6.5 °/hr bias instability and the presence of RRW noise, Fig. 9. 
The same gyroscope with active mode-matching demonstrated 
absence of RRW on a time scale up to 100 hours and thirty fold 
improvement in bias instability reaching 0.2 °/hr. 

When amplitude control was used for mode-matching, the 
in-run bias instability improved by only one order of 
magnitude compared to the uncontrolled case, reaching 0.5 °/hr 
so in this particular implementation, a voltage tuning method 
slightly outperforms the amplitude tuning method. The long-
term stability is attributed to the mode-matching loop reducing 
the effects of stresses which we will explore in the next section.  

D. Stress Sensitivity 
The offset stability over stress was measured by applying 

stress to the PCB board with the gyroscope and front-end 
electronics on it. The stress was induced by applying torque 
through weights mounted to one corner of the PCB. Fig. 10 
shows that package stress causes the gyroscope offset to shift 
about 0.5 °/s (Fig. 10) due to 0.5 kg of pressure. Although not 
shown, the scale-factor remained unchanged during stress 
events, likely owing to the force-to-rebalance loop immunity to 
the small frequency splits. An active mode-matching loop 

removed the offset sensitivity to stress down to the noise level 
of the gyroscope, Fig. 11. The mode-matching loop adjusted 
tuning voltage proportionally to the applied weight thus 
compensating for a frequency split change.  

IV. CONCLUSIONS 
We demonstrated a mode-matched capacitive MEMS rate 

sensor with 0.2 °/hr in-run bias and absence of RRW noise on a 
time scale of 100 hours. The long term stability was attributed 
to the mode-matching loop which drastically reduces adverse 
effects of stress and temperature variation. We proposed and 
compared performance of the gyroscope for two alternative 
methods of mode-matching control implementation. In both 
cases a gyroscope was operated at large amplitude so that drive-
mode exhibits strong nonlinearity but frequency tuning was done 
differently. In one case the frequency was tuned by adjusting ac 
drive voltage, while in the other by changing negative 
electrostatic spring dc voltage. The traditional voltage tuning 
method slightly outperformed the amplitude tuning method, 
but both mode-matching methods ensured absence of RRW. 
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